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Abstract

We study the number of chords and the number of crossings in the largest component of a random chord diagram
when the chords are sparsely crossing. This is equivalent to studying the number of vertices and the number of edges
in the largest component of the random intersection graph. Denoting the number of chords by n and the number
of crossings by m, when m/(nlogn) tends to a limit in (0,2/7?), we show that the chord diagram chosen uniformly
at random from all the diagrams with given parameters has a component containing almost all the crossings and
a positive fraction of chords. On the other hand, when m < n/14, the size of the largest component is of order
O(logn). One of the key analytical ingredients is an asymptotic expression for the number of chord diagrams with
parameters n and m for m < (2/72)nlogn, based on the Touchard-Riordan formula and the Jacobi identity for the
generating function of Euler partition function.
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1. Introduction

A chord diagram of size n is a pairing of 2n points. It is customary to place the 2n points on a circle in general
position, label them 1 through 2n clockwise, and connect the two points in the pairing with a chord. Alternatively,
we can represent a chord diagram by putting the numbers {1,...,2n} on a line in increasing order and connecting
the pairs of a chord diagram by an arc; we call it a linearized chord diagram. For an illustration, see Figure 1.

Figure 1: A circular and a linearized chord diagram. They are equivalent to each other.
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Chord diagrams appear in various contexts in mathematics, especially in topology. For instance, Chmutov and
Duzhin [19], Stoimenow [46], Bollobas and Riordan [13], and Zagier [48] used chord diagrams to bound the dimension
of the space of order n Vassiliev invariants in knot theory. Rosenstiehl [43] gave a characterization of Gauss words
in terms of the intersection graphs of the chord diagrams.

As another application, consider an oriented surface obtained by taking a regular 2n-gon and gluing the edges
pairwise with opposite directions. Each such gluing defines a chord diagram; simply interpret the glued edges of the
2n-gon as pairs of endpoints of chords. In this topological context, it is natural to ask what the genus of a given chord
diagram is. A remarkable formula for the generating function of the double sequence ¢,4(n) was found by Harer and
Zagier [30]; here c4(n) denotes the number of chord diagrams with n chords and genus g. Recently the second author
found a relatively simple proof of the Harer-Zagier formula, [39]. Linial and Nowik [33] found the asymptotic likely
value of the genus of the chord diagram chosen uniformly at random. Subsequently, Chmutov and Pittel [20] proved
that, as n — oo, the genus of the random chord diagram is asymptotic to the Gaussian random variable with mean
n/2 and variance 1logn. Recently Chmutov and Pittel [21] proved a similar result for the random surface obtained
by gluing, uniformly at random, several polygonal discs with various numbers of sides. The case of discs with the
same number of sides had been studied by Pippenger and Schleich [36], Gamburd [29], Fleming and Pippenger [28].
For detailed information about the chord diagrams and their topological and algebraic significance we refer the reader
to Chmutov, Duzhin, and Mostovoy’s book [18].

A chord diagram of size n can be thought of as a fixed-point-free involution of a set of 2n numbers. Baik and
Reins [8] found the asymptotic distribution of the length of the longest decreasing subsequence of a random fixed-
point-free involution. Chen et al. [17] showed that the crossing number and the nesting number of linearized chord
diagrams have a symmetric joint distribution. Since the lack of a decreasing subsequence of length 2k + 1 in an
involution is equivalent to the lack of (k 4+ 1)-nesting in the corresponding chord diagram, the result of Baik and
Reins, combined with the result of Chen et al., gives the distribution for the maximum number of chords, all crossing
each other, when the chord diagram is chosen uniformly at random.

In random graph theory, Bollobds and O. Riordan [12] used the random linearized chord diagrams to provide a
precise description of the preferential attachment random graph model introduced by Barabdsi and Albert [9].

Tt is easy to see that there are (2n — 1)!! chord diagrams of size n. However, enumerating chord diagrams with
special properties could become hard rather quickly. A classic example is counting chord diagrams with a given
number of crossings. This problem was first studied by Touchard [47], who found a bivariate generating function for
T,,m, the number of chord diagrams of size n with m crossings. To this end, he considered an equivalent problem of
enumerating the linearized diagrams by crossings: the 2n points are distributed on a straight line, and are connected
in pairs by n concave arcs, all above the line; the crossings of these arcs correspond to the crossings of chords on the
circle. Later, J. Riordan [41] used Touchard’s formula to extract the remarkable explicit formulas for >  ¢"T, m,
and T, ,, itself. However, the latter is in the form of an alternating sum, indispensable for moderate values of m and
n, but not easily yielding an asymptotic approximation for T, ,,, for n,m — co. (We refer the reader to Aigner [4]
for an eminently readable exposition of the Touchard-Riordan achievement.) A quarter century later, Flajolet and
Noy [27] were able to use J. Riordan’s formula for the univariate )  ¢™T, n, to show that the number of crossings
in the uniformly random chord diagram is asymptotically Gaussian. Cori and Marcus [22] counted the number of
isomorphism classes of chord diagrams, with two chord diagrams being isomorphic if they are rotationally equivalent.

Another way to represent a chord diagram D is to associate with it a graph Gp, called the intersection graph
of D. The vertices of Gp are the chords of D and there is an edge between two vertices in Gp if and only if the
corresponding chords cross each other in D, see Figure 2. If, instead of labeling the endpoints of the chords, we label
the chords from 1 to n in an arbitrary way, we obtain a labeled circle graph. Circle graphs are interesting in their
own right and they have been studied widely. A characterization of circle graphs was given by Bouchet [15]. (Still,
as Arratia et al. [7] pointed out in a lucid discussion, even a formula, exact or asymptotic, for the number of circle
graphs remains unknown.)

A chord diagram D is connected if there is no line cutting the circle that does not intersect any of the chords
and partitions the set of chords into two nonempty subsets. In other words, D is connected if and only if Gp is
connected.



(8,10)
(2,5) (3,6) (7,9)

Figure 2: Intersection graph of the chord diagram given in Figure 1.

By making use of recurrence relations, Stein and Everett [45] proved that, as n tends to infinity, the probability
that a random chord diagram with n chords is connected approaches 1/e. Later, Flajolet and Noy [27] proved that
almost all chord diagrams are monolithic, i.e. consist of a single giant component and a number of isolated chords.
Having proved that in the limit the number of isolated chords was Poisson(1), they recovered Stein and Everett’s
result. The result of Flajolet and Noy was later extended in several directions in [2]. For example, the digraph
obtained from a uniformly random chord diagram of size n by orienting the edges by flipping a fair coin was proved
to be strongly connected with the limit probability 1/e3.

Our motivation for a probabilistic study of the random diagram comes from the realization that its intersection
graph represents a structurally rich analogue of the classic random graph G(n,m), i.e. the graph distributed uniformly

on the set of all ((ﬁL) ) graphs on [n] := {1,...,n} with m edges. More than half a century ago, Erd6s and Rényi [24]-
[25] basically created modern random graph theory by showing that n/2 and nlogn/2 are the respective thresholds
of the number of edges m for appearance, with high probability, of a giant component in G(n, m), and for G(n,m)
becoming connected whp. (An event A,, occurs with high probability (whp) if lim,, .o, P(A,) =1.) The analysis was
a striking manifestation of interplay between classic graph-enumerative techniques and probabilistic, moment-based,
estimates. What are then the corresponding thresholds for the intersection graphs of chord diagrams?

In this paper, we find some partial answers. In particular, we show (Theorem 5.9) that if the number of crossings
m = m(n) is such that limm/(nlogn) € (0,2/m?), then, whp there is a giant component containing almost all m
crossings and a positive fraction of all vertices. We had to impose the upper bound on m since that was the range for
which we were able to establish a sharp asymptotic formula for T}, ,,,, the number of chord diagrams with n chords
and m crossings.

Earlier we proved [3] that m/(n) = (6/72)nlogn is the threshold value of the number m of crossings for connect-
edness of the intersection graph of a uniformly random chord diagram, with n chords, all crossing an additional chord
which is not a part of the diagram. (Here the intersection graph is actually a permutation graph for a permutation
of [n] induced by such a special chord diagram, with the number of edges equal to the number of inversions in that
permutation.)

It is highly plausible that the result in Theorem 5.9 holds for every m dependent on n in such a way that
limm/(nlogn) > 0. This would certainly follow, if one could find a way to “embed” an intersection graph with m;
crossings into that with mgy crossings, whenever m; < msy. However, unlike the Erdés-Rényi random graph G(n,m),
such an embedding is highly problematic, if possible at all, for the random intersection graphs in question.

In this regard, our intersection graph and the one in [3] join the club of many other random graph models lacking
“embedability”, such as the random regular graph, or more generally, the random graph with a given degree sequence.
(We did prove though in [3] that the connectedness probability for the random permutation graph increases with
m.) It would be very interesting to find an algorithm that, given n, m, generates an almost uniformly random chord
diagram with parameters n and m.

The only insight into the component structure of our intersection graph for m’s satisfying both m = Q(nlogn)
and m = 0(n3/ %) is a gap property for the number of crossings in the densest component, the one with the highest
ratio of number of crossings to the number of chords. It states that whp the densest component is either of size
O((m/n)logn) or it contains almost all the m crossings whence the size of the component is at least (14 o(1))v/2m.

We also show (Theorem 5.10) that if m < n/14, then whp the largest component has a size below 5log n/(log 223 ).
The bound m < n/14 may well be improved; as we mentioned, the giant-component threshold for G(n, m) is m = n/2,
see Erdds-Rényi [24]-[25], Bollobds [11]. In any event, if a deterministic threshold m = m(n) for the birth of a giant
component in the intersection graph exists, it is sandwiched between n/14 and enlog n, for an arbitrarily small € > 0.



Tt is well known that for G(n, m) the connectedness threshold is m ~ nlogn/2, ([24], [25], [11]). According to [27],
the crossing number of the uniformly random diagram is sharply concentrated around its mean n(n — 1)/6, with a
standard deviation of order n®/2, and the intersection graph is disconnected with probability approaching 1 — e~!
as n tends to infinity, see [45]. These results almost certainly rule out the existence of a connectedness threshold
m(n) = o(n?). Still, we conjecture that m(n) ~ n®/? is the threshold value of m for the second largest component to
be of bounded size.

Among the key ingredients of our proofs is the asymptotic formula for T}, ., for m < (2/7%)nlogn (Lemma 3.4),
and a bound T}, ,, < C,ly m, where C), is the n-th Catalan number and I, ,, is the number of permutations of
[n] with m inversions (Lemma 4.4). The asymptotic formula is based on the Touchard-Riordan sum-type formula,
Jacobi’s identity and Freiman’s asymptotic formula for the generating function of the Euler partition function. A
final step in our argument is based on a rather deep formula for the number of non-crossing partitions with given
block sizes, due to Kreweras [32].

We should note that the Jacobi identity had appeared prominently in Josuat-Vergés and Kim’s [31] paper in the
context of some new Touchard-Riordan type formulas for generating functions.

In our opinion, enumeration of chord diagrams with given genus, number of chords, and number of crossings is
an exciting open problem. This is, of course, equivalent to finding the distribution of the genus of the uniformly
random chord diagram with a given number of chords and a given number of crossings. The issue here is that while
the genus is zero iff the number of crossings is zero, the genus is always below "T“, while the largest number of
crossings is (72’) (Conceptually this question is connected to the work of Archdeacon and Grable [6] and R6dl and
Thomas [42], who obtained strikingly sharp bounds of the genus of the Bernoulli random graph G(n,p), each (i, j)
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of crossings” parameter, the genus problem has been addressed. We conjecture that when the number of crossings

being an edge with probability p, independently of all other ( ) —1 pairs. ) As discussed above, without the “number
is passing through the threshold value for birth of a giant component, the genus of the surface associated with the
diagram is experiencing a dramatic increase, not unlike the “double jump phenomenon” for the giant component in
the random graph G(n,m) (see [24], [25], [11]).

2. Paper structure

To ease the task of reading the paper, we describe here the chronological organization of the proofs. In Section 3
we use the Touchard-Riordan formula to derive the asymptotic formula for T3, ,,, the number of chord diagrams with
n chords and m crossings. As an illustration, this formula is used to obtain the limit distribution of the number of
“cuts” in a random linearized chord diagram with m = O(n) crossings.

In Section 4 we establish the upper and lower bounds for 7, ,,, for m outside of the range covered by the asymptotic
formula for T}, ,,,. As an application, we show that the maximum size of a cut in the random linearized chord diagram
with m = O(n) crossings is bounded in probability.

In Section 5 we use the asymptotics and the bounds for T, ,, to prove our main results. Our first step is to
derive a bound for the total number C, ,, of the connected chord diagrams with v chords and p > v crossings, going
beyond the explicit formulas for C, ,—; and C, ,. Next, we use this bound to prove a crucial, crossing-density gap
result: for the crossing density m/n > o > 4e?, it is unlikely that the intersection graph contains a component with
at least Slogn vertices with some explicit constant § = B(«), whose edge density falls below m/(an). Thus for
m/n — oo, whp there are no components of size Q(logn), whose density is negligible compared with m/n. Focusing
on the densest component as a potential candidate for being the largest component, we show that whp either it has
O(logn) vertices, or it has almost all m crossings, whence at least (1 4 o(1))v/2m vertices. In addition, we prove
that if limm/(nlogn) € (0,2/7?), then, for b large enough, whp there is no component of size at least blogn, with
the number of crossings below (1 — €)m, whence there can be at most one component with that many vertices. This
result and an additional enumeration based on Kreweras’ formula for the number of non-crossing partitions with
given block sizes allow us to show that, for m in question, whp there exists a component that has almost all m
crossings and a positive fraction of n chords, a genuine giant. Lastly, we show that, for m < n/14, whp the size of
the largest component is O(logn).



We conclude with a list of open problems.

3. Counting moderately crossing chord diagrams

Our ultimate goal is to analyze a chord diagram chosen uniformly at random from all chord diagrams with n

chords and m crossings. Let T, ,, denote the size of the sample space, i.e. the number of n-chord diagrams with
n
2

number of /-tuples of chord diagrams with a total number of n chords and m crossings. A remarkable formula for
the generating function of T, ,, was given by Touchard [47]. Using this formula, Riordan [41] found an alternating
sum expression for T}, ,,,. We use Touchard’s formula to obtain a more general result than the one given by Riordan.
While the number of all graphs on n vertices with m edges is the obvious (1;[ )7 the formula for 75, ,,, we are about to

m crossings, where m € [0, N ], N = ( ) To this end, we will first find asymptotic formulas for T;, ,, and for the

cite is rather deep.
For n > 0, introduce the generating function T),(xz) = >, T ma™. Let To(z) = 1 and

T(x,y) =Y Tu(@)y" =Y Tnmz™y"
n>0 n,m

Touchard’s formula states: for |z| < 1, |y| < 1/4,

T(z,(1-z)y) = Cy) Az, 1 - C(y)), (3.1)

where

Alz,y) = a3y,

j=0
and C(y) is the generating function of Catalan numbers, that is, for C,, = (n + 1)~ (*"),
n>0

Note that A(z,y) converges for |z| < 1 and all y, since the ratio of two consecutive terms is z7y. Also, it is well
known that C(y) converges for |y| < 1/4, and for those y’s

yC?(y) - Cly) +1=0. (3.2)
Solving (3.2) with the initial condition C'(0) = Cy = 1 gives

1-yT—4y 2
Cly) = 5 BT e (3.3)

Rewriting (3.2) as

Cly) — 1 =yC*(y), (3.4)
and using Lagrange inversion formula, we obtain
i 7 —j 2 J{ 2n .
"(C(y) — 1) = =y 1) == 0 <n. 3.5
[y"1(Cly) = 1) = =y~ ](y + 1) n(n]) <j<n (3.5)

For j = 1, we are back to C, = (n + 1)7!(*"). Equation (3.5) will be used shortly in the proof of Lemma 3.2.
Using (3.1), Riordan [41] obtained the following formula for T}, ,,.

Theorem 3.1 (Touchard-Riordan). The number of chord diagrams with n chords and m crossings is given by
n4+m—1—J0G)\ 25+1 2n
Thm = —1)/ _— -, 3.6
’ ZJ:( )( n—1 n+j+1\n—j (36)

where J(j) = (jgl) and the sum is over all j > 0 such that j < mn and J(j) <m.



We will need the following more general statement.

Lemma 3.2. Given ¢ > 1,

ey ) =Y ﬁ(—l)ju(”*mn‘l; TN, (37)

J=01,--,4e) >0 p=1

J=S e UG =0, ) = (§1>

and the sum in (3.7) is over j > 0 (meaning that each component of j is nonnegative), such that j < n and U(j) < m.

where

Proof. Using (3.4), (3.5), and (3.1),
2™y 1T (2, y) = [2™y"]((1 = 2) 7" C(y) A", 1 = C(y)))

=[e"y"]{ (L—2)"Cy)" | Y (-1’ (C(y) - 1)

Jj=0

(e
="y 1-a) Y H 1)) (Cy) — 1) (Z <H> (C(y)—l)”>
k=0

J1yeesJe >0 p=1

= Y I (B0 - o) (Z (D) wicw - 1)““)

Jiseeje20 p

s (frow) (Y (e, )

J1,-,de20 \p=1 k=0
Here
é 4 2n 2n+/
k=0 niliij n=7j 7
and
0056
Zn )=/
k=0 K n—r—7j r=0 r n—?"—l—j
:€<2n—|—€—1>’
n—1—j
implying
¢ .0 ¢
E\rtJ 2n ] 1
)5 (n_ﬁ_j)—n;)()(n_w) 26
_J(2n+ 2n+/0-1
n\n-— n—1—j
25 2n+€
2n+£ n—j
This completes the proof of (3.7). O

The formula in Lemma 3.2 is too unwieldy for our needs; however it enables us to derive an eminently usable,
asymptotic formula for [x™y"|T*(z,y), in particular for Ty,m, when the number of crossings m is not too large
compared with n. We begin with



Lemma 3.3. Let n — oo and m = O(n). Then, setting ¢ = m/(m + n),

n+m-—1 3
Ty ~ ( L >an(1—q )3,
iz o (3.8)
[y T (2, y) ~ L2f () Toms  fla) =Y (=12,
=0
where J(j) = (jgl) as in the previous lemma.

Proof. The case m = O(1) is easy as the sums in (3.6) and (3.7) are asymptotic to their first terms, which correspond
to j = 0 and j = 0, respectively. Consider now the more difficult case m — oo. We notice upfront that 1 — ¢ is
bounded away from 0 for m = O(n). Let S, ,,,(j) denote the absolute value of the j-th term of the sum in (3.7), i.e.

n+m—-1-U(5)\2j+¢ 2n+¢
n—1 2n+f\n—j)’

Sunld) = (

where
=Ygy and UG) =Y J(u)-
v “w
We first find an upper bound and an asymptotic equation for S, ,,(j) by analyzing the individual factors above.
Observe that
(n+m—1—U(j)) _ (n+m—1) (m)u ) (3.9)
n—1 n—1 (m4+n—-1)ug)’ '

where (a) denotes the k-th falling factorial of a. Note that U(j) < m for an admissible j, i.e. for j meeting the
conditions of Lemma 3.2. Using (1 + 1/u)? < (14 1/u)* < e for any u > 0 and v < u, we get

(m)u ) m v 1 U () .
< = J) 1 - < U(J) — . .1
(m+n—1ug ~ \m+n-1 1 T mtn-1 seq ™, (g=m/(m+n)) (3.10)

Also, straightforward computations give

2j4+4 2n+ 4 <2j+€ 2n+ ¢ <2j+€2£ 2n
2n+fl\n—j5) ~ 2n+/{ n ~2n+/ n

) <22 +0)C,.

Therefore, uniformly for all admissible 7,

. . n+m-—1 .
Sn.m(3) <b 2(2j +€)( y 1 >On - qV9), (3.11)

Here and elsewhere we use A <, B as a shorthand for A = O(B) when B is too bulky. Furthermore, j is certainly

admissible if say j < m!/®, and for those j, with similar computations, it is easy to obtain
. . 1o n+m-—1 .
Snm(d) = (140" /m))2 71 (2] + f)( 0 >Cn -qU), (3.12)

Combining (3.11) and (3.12), and using the uniform convergence of the infinite series Zj>0 ¢V | we get

4
[y T (2, y) = (n—;ml— 1)Cn2e‘1 x D@2+ 0 [T (=g’ +o(1)| (3.13)

J pn=1
the sum being taken over all 5 > 0. Here

4
T[] (=170 = f(g)f

pn=1

>



and

J =1 J120

where f(z) = ijo(—l)jgﬂ(j) as defined in (3.8). Combining the last two equations, we get

14
Y@+ 0 [T’ = ef(@ | fla) +2 ) (=1) g0V
J p=1

j1>0

= (@)Y (1) (21 + 1)g” Y,

J120

and (3.13) becomes

~1
[wmy"]Te(x,y)z(nzml )Cnﬁx 2f(@) D (=17 (25 + 1)g’ P +o(1) | . (3.14)
3>0

Since the series for f(x) in (3.8) is alternating, and ¢”¢) | 0, we have f(q) > 1 — ¢, i.e. f(q) is bounded away from
zero. However, (25 + 1)¢”") is not monotone, and bounding the last alternating sum from below would be a rather
hard task. Fortunately, there is a remarkable identity discovered by Jacobi as a corollary of the classic triple product
identity, Andrews et al. [5, Page 500:

S =12i+ 12’0 = [ -2, Jal < L. (3.15)

§>0 j>1

Since our ¢ = m/(m + n) is bounded away from 1 for m = O(n), the product on the RHS of (3.15) for x = ¢ is
bounded away from zero uniformly for n. With this fact in mind, Equations (3.14) and (3.15) complete the proof of
Lemma 3.3. O

The reader is correct to suspect that the constraint m = O(n) is unnecessarily restrictive. In our next statement
we extend the asymptotic formulas to m < (2/72)nlogn. We hope that the considerably more technical argument
can be understood more easily since we will use the proof above as a rough template.

Lemma 3.4. Let ¢ > 1 be given. If
2
m < ﬁn(logn —0.5(¢ + 2) loglogn — w(n)), (3.16)

where w(n) — oo however slowly, then

™y T, )f~e<2f<q>>f-1(”+m‘1)an<1—qf>3, gi=m)(m + ). (3.17)

n—1 .
jz1

Proof. It suffices to consider the case m/n — oo, in which case ¢ — 1. We still have f(q) > 1—¢ > 0, but we need an
extra effort to prove that lim, ., f(g) > 0, a fact crucial for our argument. By the definition of f(z) given in (3.8),

= Y (#0 -) (o) Y PO ad) = (1 ) F()

even j>0 even j>0
J(G)+i

F(x):= Z Z z’,

even j>0i=J(j)



where J(j) = (1) as before. For a generic v > 0, the interval [0, 7] contains the j, /2 disjoint intervals [J(5), J(5)+3],
j even, where j, is the largest even integer not exceeding |(—3 + v/4v + 9)/2|, and possibly a part of the (j, /2+1)-st
interval, of length O(j,). Since j, = O(v*/?), and j2 = 2v 4+ O(v'/?), we have

/2
> F(@) = Y+ 1)+ 06,) = 5 + 0.
n<y Jj=0

So, by Tauberian theorem for power series (Feller [26], Ch. XIII, Sect. 5), we have lim, ,1_(1 — 2)F(z) = 1/2,
implying that
lir{1 flx)=1/2>0= li_>m flg) =1/2. (3.18)

With (3.18) in mind, let us turn to the core of the proof. For the reader convenience, we restate the key
identity (3.7):

. 14 .
ERSATEND> () <H<—1>fﬁ> (. (3.19)

p=1

where U(j) = >_,J(ju) and j = >_, j,. We focus on S, ;,(7), the absolute value of the j-th summand in (3.19).
The uniform bound (3.11) continues to hold. Setting M := [a(1—¢q)~!] for some a > 1, we write the sum as S; + Sa,
where Sp is the contribution of j’s with max; j; < M and S5 is the contribution of the remaining j’s. For the terms
in Sp, analogously to (3.12) we have

Snm(d) = (1L+O0U(5)?*/m)) 2125 + £) (” ;”_11* 1) C, - qvD.

Therefore, S; = S11 + Ry, where

V4
_(ntm-—1 -1 i g7 (i)
Sy = ( o >C’n2 > ( (27 + 1 ) [T (-1)q’0 (3.20)

J1s--0dg p=1
max j; <M
n+m-—1 M M !
_ - _1\Vi(94 J(j) k, J(k)
= (" et e 0 (22( ) )
§=0 k=0
and
-1
1 n—|—m—1 5 J(4) J(k)
L G N OO D ori) (3.21)
Jj>0 k>0

For the last bound we have used U(j)? Do dn Su 20, j5 and the fact that ¢ is fixed. Defining the functions

oo M
ha(e) = D (=125 + )¢’ fulg) =D (—1)F¢"™,
J=M+1 k=0

and using (3.15) on the last line of (3.20), we write

n+m-—1 j -
su= (""" ent (TT0 -0 - )| @fula) (3:22)
j=>1
Now ¢70) < exp(—352(1—q)/2), and z exp(—z2(1 — q)/2) attains its maximum at (1 —¢)~"/? < a(l—¢)~' = M. So
2

3 q’" Ooxex —2%(1— w=(1—-q) texp |-
|ha(q :ZMQJ—FI <b/M p(—z*(1 —¢q)/2)d (1-19q) p( 2(1q)>. (3.23)



Also,

2 -2 (l2
< qJ(M+1) < qa (1—q)~%/2 < exp (_2(1)> ’
—4q

Z (_l)qu(k)

k>M

where the last inequality follows from z'/(1=%) < ¢~ for any z € (0,1). So using Jacobi identity,

ST 1+ )" = T[a - ) +0((1 — ) tem /2079,

0<j<M j>1

Here, by Freiman’s asymptotic formula (see Postnikov [40, Sect. 2.7], and also Pittel [37, Eq. 2.8], [38, Sect. 2]),

10— ¢) = e (-5~ 3log = + 0(12))
6z 2 o i logq

i1 (3.24)
i L log(1 - ¢) + O(1)
=exp|————~—= - .
Therefore
S (1241’9 = [ -¢) (1 +O((1—g)tPe e )/Q(H))) :
0<j<M i>1
Also, using lim f(q) = 1/2 > 0,
farla) = Fla) = 3 (1" ¢’ ® = f(g) (1+ O(e~"/20-0)).
k>M
So, selecting a = 7v/3 say, (3.20) becomes
—(1—q)~! —1fn+m-—1 .
Sy = (1 +0(e” 079 )) 0(2f(q)) ( o1 )Cn H(1 — g3 (3.25)
j=1
Furthermore, (3.21) together with the bounds
S PP =0((1-g)2), 23 ¢'® < 2(1 - g) V2 (3.26)
§>0 k>0
yield
1 n+m—1
<y — (1 — q)~H9)/2 . 2
(B <6 —(1-9q) n_1 JCn (3.27)

Let us compare the expression for Si; in (3.25) and the the bound (3.27) for |Ry|. By Freiman’s formula and the
condition (3.16), we have

m(E+3)/2

n(E+5)/2

m=1(1 — q)~(+9)/2

M0 —gp = oemm/2n)

<p (logn)+3)/2n =1 exp(n?m/2n — 0.5 loglog n)

{42 2
<p exp ( —; loglogn — logn + 7r2m>
n

< e~ 5 0.

Since f(q) is bounded away from 0, it follows from (3.25) and (3.27) that S;, the contribution to the sum in (3.19)
of the terms with max; j; < M, is given by

n+m-—1
n—1

1= (1-+ o) Jeuter@) . (3.28)

10



It remains to show that Sy, the contribution to the sum in (3.19) of the terms with max;j; > M, is negligible
2””) = O((i?)), uniformly for j. So the equation (3.7) gives

compared to Sy. For £ is fixed, we have (nfj

¢
n+m-—1 ; )
|S2| Sb( "1 )Cn > [/ D> @i+ ).
1 w t=1

J1s---de

max j; >M
Considering (j1,. - .,Jj¢) with max j; = j;, and using symmetry, we see that the right hand side above is at most
-1
(T S0 S 62+ 1)g700.
n—1 "\« ,
Jj=0 JizM

Using >~ ¢’ < (1 —¢)~" and the upper bound given in (3.23) for the last sum above, we get

n+m-—1 _ o2
52|§b( ne 1 >Cn(1Q) ZeXP(*m)

Using this inequality, the asymptotic value of S; given in (3.28), and f(q) > 1 — ¢, we get

|9 —20+1 a®

as ¢ = m/(m +n) — 1. This finishes the proof. O

Remark 3.5. Whether the constraint (3.16) can be relaxed to, say, m = ©(nlogn) is, in our opinion, a hard open
problem.

As the first application, we apply Lemma 3.3 to determine the limit distribution of the number of cuts in a
random linearized chord diagram. A cut is a partition of [2n] into two blocks [2n4] and [2n] \ [2n1] such that there
is no chord joining two points from different blocks. Let X, ,,, be the random variable counting the cuts in the
linearized chord diagram chosen uniformly at random among all diagrams with m crossings.

Theorem 3.6. Suppose that n — oo and m = O(n). Let ¢ = m/(m +n). Then f(q) > 1/2 and is bounded away
from 1/2, and for each j > 0,

P(Xpm=4)=(G+ D1 =p)? +o(1); p=1-(2f(2)". (3:29)
Remark 3.7. We have p = 1/2 for m = 0, whence

lim P(X,0=j)=(+12°0 j>o0.

n—oo

Also, a byproduct of this theorem is a pure-calculus inequality f(x) > 1/2 for x € [0, 1), which seems hard to prove
out of the context of the chord diagrams.

Proof of Theorem 5.6. Notice upfront that

as Tj,—1,m counts the linearized chord diagrams with an arc from the point 1 to the point 2. Therefore, for m = O(n)
as n — 0o, Lemma 3.3 implies that

liminf P(X, ,, > 1) > liminf Coy (0 lim inf —— ! >0 (3.30)
wm > 1) > 1 = =i - >0. .
g Co  ("ImTh 4n+m—1)

11



Next, observe that

Xn,m 1 k1
EK k )] " T > 1;[1Tnm

’ (nyymy)ye (M1 mp41)
i "i:"vzj mi=m; ny,..., ng41>0

— o (T y) — D
k+1
o (e
W =0

So, by Lemma 3.3,

B[(%1m)] =o 4 v (M sy

£=0
= (k+1)(2f(a) = D +o(1).

In particular, it follows that liminf f(g) > 1/2. If liminf f(q) = 1/2 then E[X,, ,,] — 0 and P(X,,,, > 0) — 0, in
violation of (3.30). Thus liminf f(q) > 1/2 if m = O(n); this effectively proves that f(x) > 1/2 for all = € [0,1). By

the last equation, X, ,, is asymptotic, in distribution, to X, such that

B|()] = 6+ ves@ -1t

Notice that, for z > 0 small enough,

B[=%0] =B [(1+ (= - 1))%] = Y (: - )*E K);q)}

E>0
=) (z-D*k+1)(2f(q) - 1) = !
i el TR
= (f_;;)  p=pl)=1-(2f() "

here limsup,,_, . p(¢) < 1 since liminf,,_,o f(q) > 1/2. Note that (1 —p)/(1 — 2zp) is the moment generating function

of a Geometric random variable Y; with success probability (1 — p), that is,
P(Y,=j)=Q1-pp’, j=0.
D
Therefore, X, =Y, + Y, where Y, and Y are independent copies of the geometric Y;. Hence

P(X,=j)=) P(Y;=i) P, =j—i)=(+1)(1-p’p.
i=0

Since X, ,, is asymptotic in distribution to X, the last equation implies

P(Xpm =j) = P(Xg=j)+0(1) = (j+ 1)1 -p)* +0(1), j>0.

O

Remark 3.8. Intuitively, whp all the cuts are relatively close to the point 1 or point 2n, and the numbers of those
“left” and “right” cuts are asymptotically independent, each close to the geometric Y. We will prove the first part of

this conjecture in the next section, as an immediate application of an upper bound for 7, , that holds for all values

of the parameters v and p.

12



4. Bounds for T, ,,

For the proofs of our main results in Section 5, in addition to the sharp asymptotic formula (3.17) for T}, ,,, we
will also need some bounds for T}, ,, for m not in the range covered by this formula.

These bounds will be expressed in terms of the double-index sequence of the numbers {I,, ,,, }, where I,, ,,, is the
number of permutations of [n] with m inversions. Each of those I,, ,, permutations p = (p1,...,pn) gives rise to
an inversion sequence € = (Z1,...,Ty): «; is the number of pairs (p;, p;) such that ¢ < j and p; > p;. Obviously
x; <i—1and ), z; = m. Conversely, every such sequence  determines a unique permutation p such that x is p’s
inversion sequence. Existence of this bijective correspondence implies a classic identity

n—1 n .
— ZJ
=" [JA+z4-+2) H (4.1)
j=0 j=1

Probabilistically, the number of inversions, denote it I,,, in a uniformly random permutation of [n] is distributed as
Ry + -+ Ry, where Ry, ..., R, are independent, R; being uniform on [j — 1]. In particular, the likely values of I,
are of order O(n?).

Clearly, I, is at most the number of nonnegative integer solutions of the equation z; + --- + z, = m, i.e.

Inm < <" = 1). (4.2)
n—1

Now we state a technical lemma that gives a lower bound for I, ,, for m < n%. Equation (4.2) and this lemma will
be used in Lemma 4.4, which gives upper and lower bounds for T3, .

Lemma 4.1. Suppose that m/n — oo and m = 0(n3/2). Then,

-1 2
Iym > nm exp —Wm—&—O(logn) .
’ n—1 6n

We note that Louchard and Prodinger [34], see other references therein, used a saddle-point method to find very
sharp asymptotic formulas for I, ,,, in the cases m = O(n) and m = ©(n?). Our argument is based on reduction

to a local limit theorem for the sum of independent random variables with log-concave distributions established by
Bender [10] and Canfield [16] about forty years ago.

Proof. Pick p € (0,1), and introduce the sequence Y = (Y7,...,Y},) of independent random variables such that

1— J
P(K‘Z]’)Zﬂ, 0<j<i-1
pZ

SO

Then (4.1) becomes

= ’mH T PYl=m), (4.3)

where |[Y'[| := ", Y;. In particular,

.

(4.4)
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and we get the sharpest upper bound by selecting p* that minimizes the right side of (4.4). Since I, ., does not

depend on p, this p* maximizes P(||Y’|| = m). Lowering the bar, we are content to prove existence of a stationary

point p*, for which we will be able to bound from below both the RHS of (4.4) and P(||Y|| = m), whence I, ,, itself.
Crucially, the distribution of ), Y; is log-concave, i.e.

P(Y[=5*> P(Y|=j-D)P(Y|=5+1), j=0. (4.5)

The reason is that each Y; has a log-concave distribution and the convolution of log-concave distributions is log-
concave as well, Menon [35]. Even stronger, in terminology of Canfield [16], the distribution of ||Y|| is properly log-
concave, meaning that (a) the range of |Y'|| has no gaps, and (b) the equality in (4.5) holds only if P(||Y]| = j) = 0.

Indeed, Y7 = 0 is properly log-concave distributed, and (induction step) proper log-concavity of Zs ;1 := Zi:} Y.
for s > 1 follows from proper log-concavity of Zs :=Y"_, Y, and the identity [10]

P52+1)1/ - PS+17V—1PS+1,IJ+1 = Z (Ps,ozPs,,B—l - Ps7a—1Ps,,6’) (ps—i-l,u—a Ps+1,v—p4+1 — Ps+1,v—a+1 ps-i-l,l/—ﬂ), (46)
a<f

P, = P(Zy = ), pr,, = P(Yy = p). (See the remark following the proof.) Here is how. Each summand on the
RHS of (4.6) is non-negative as both Z; and Y;,; are log-concave, and their respective ranges, [0,1,..., (;)] and
[0,1,...,s], have no gaps. If v < (;), we see that the summand fora =v, B=v +1is

(Ps2,u - PSVV*1P87V+1)p§+1,O > 01

because, by inductive hypothesis, {Ps.} is properly log-concave and P, > 0. If (;) <v < (8‘51), we consider
a=v—sand f=a+ 1. Then
s+1 S
= — < — =
“ Y °= ( 2 ) ° (2>7

S s—1
—y—5> 1—g—= >
a=v 5_<2>+ s ( 5 )_0,

whence Ps o > 0. Then the corresponding summand on the RHS of (4.6) is

(Ps%a - Ps,a71Ps7a+1)<p§+1,s - ps+1,s+1ps+1,sfl) > 0,

because, by inductive hypothesis, Pf’a — P 0—1Psa+1 >0, and pgi1,5s > 0, pst1,541 = 0.
For z € (0,1), introduce

L, 1
L =1 -m
@ og(x Hl—w)

= —mlogx + Z(log(l —2") —log(1 — x)).
The stationary points of L(z) are the roots, if any exist, of

=1
| z izt B
L(x)=—|ny—-m ;1—:& =0. (4.7)

As an approximation for a possible root of L'(x) = 0, pick a constant A > 0 and introduce p(A4) = ¢(1 + A/n),
q :=m/(m +n). Since m/n* — 0, we have

1—p=(1-q)(1+0(m/n?),

whence
np/(1— p) —m = A(m/n)* + O(m/n). (4.8)

14



Further, approximating the sum ), ip'/(1 — p') by the corresponding integral we obtain
ip’ 1 <z .
- = dr+ O((1 —
S o fy it
= (7%/6) (m/n)* + O(m/n). (4.9)

Comparing (4.8) and (4.9), and using (4.7), we see that, for n large enough, L'(p(A)) < 0 for A < 72/6 and
L'(p(A)) > 0 if A > 72/6. Thus the equation L'(z) = 0 does have a root p such that p = ¢(1 + O(n™')).
Furthermore, uniformly for x between p and g,

m n it 2 i2at
L'z)=— 4+ — - — .
(z) 3:2+(1—x)2+;<1—a:1 (1—1‘1)2)

= O(m+m?/n+m?/n?) = O(m?/n).

Therefore
L(p) = L(q) + O(m*n~'(p — q)*) = L(q) + O(m*/n*) = L(q) + o(1),

since m = o(n®/?). This is equivalent to

_mH (14 0(m?/n?)) ﬁ

Here, by Lemma 3.11 in [3], we have

ﬁl—q (14 0(m?/n?) ﬁ

j=1

and, by the proof of Lemma 3.14 in [3], we have
H 1—¢’) ~ K -exp (—(7?/6)(m/n) + (1/2)log(m/n))

where K = /27 - e~ /12, Finally,

g = T (s (),

mmn” n n—1

Combining the last four equations, we conclude that
o Tr 1 -p n+m-—1 2m
p };[1 - > ( ) exp (n + O(logn)> . (4.10)

n—1
It remains to evaluate P(||Y]| = m). By independence of Yi,...,Y,, using Berry-Esseen inequality (Feller [26],
Ch. XVI, Section 5),

x

1 —y2/2 T3
max | P (Y] < E[|Y]|] + zo([[¥])) - N v/ dy’ <63,
where
o? =Var(||Y ) = ZVar = > E[(v; - E[Vi])?],
=1

n

rs = Y E[Y; - E[Vj]]*].

=1
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To compute o2 we use
n n

E[IY1] = I:IE[zYi] = ]:[ 11__51* ' 11—_(72)1’7
and d?
& B[] - E[(|Y1)2]-

Computing the derivative and bounding the resulting sum by the integral we obtain
2
o =E[(|Y])2] + E[IY]] - (E[IY]])
n .2 Z
_ P vp
R Y =i

i=1
=(1+o0(1))m?/n — ©((m/n)*) = (1 + o(1))m?/n.

Similar, but more protracted, computations lead to

Therefore,

Consequently, for n large enough,

T

1
V2T J s

K o [ m

. To finish the proof we will use the following local limit theorem by Canfield.

max| P (|Y] < E[|Y[] + 20 (|Y])) - e v dy‘ s
xTE

If we write 7n~/2 = K /o, then

since m < n3/?

Theorem 4.2. (Canfield [16]) Suppose that X has a properly log-concave distribution and that

x

1
a V2T ) o
IfK >7, K/o(X) <1077, and K/o(X)Y? <1072, then

sup | P(X < E[X] + z0(X))

z€R

-y /2 <
‘ dy‘ = o)

1 (m — E[X])? c
P(X = - — — <
i ’ X =m) = ey ™ ( 22(X) )| = o(x)
with ¢ := 14.5K + 4.87.
In light of (4.11), it follows from Canfield’s theorem that
1+o0(1 -
P(Y ) =m) =~ — @ (n!/2m )
2rVar(||Y]))

Combining (4.3), (4.12) and (4.10), we complete the proof.

(4.11)

(4.12)

O

Remark 4.3. In Canfield [16], the striking identity (4.6) was used to show that the convolution operation preserves

the proper log-concavity. We had to use this identity differently, i.e. inductively, because none of Y, ..

., Y, is properly

log-concave. Notice also that for p = 1 our claim reduces to proper logconcavity of I, ,,, for every n > 1. The usual
logconcavity of this sequence is long known, of course. More recently Béna [14] found a purely combinatorial proof

of this property, a proof that does not rely on Menon’s theorem.
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The next lemma provides an upper bound for 7, ,, applicable to all m, and a lower bound for 7, ,, in the case
when m meets the condition of Lemma 4.1, i.e. far beyond the constraint of Lemma 3.4.

Lemma 4.4. (i) For all m,n >0,

Tpm < Conm < Cy, (n e 1) (4.13)
' ' n—1
(i1) If n — 0o and m = o(n3/?), then
Tom >b €xp [—2(m/n)(log n)]Cn <n + ml— 1). (4.14)
n—

Proof. (i) If a chord connects i and j, where i < j, we call ¢ and j the initial point and the terminal point of the
chord, respectively. We label the chords of a chord diagram according to the ordering of initial points; the initial
point of the i-th chord is smaller than the initial point of the (i + 1)-st one for 1 < ¢ < n — 1. Let D be a chord
diagram with n chords and m crossings. Let y; be the number of terminal points between the initial points of the
i-th and (7 + 1)-st chords of D. Clearly, we have

1+ Fye <k, Vi<n and y;+- - +y,=n. (4.15)

Note that the number of sequences satisfying (4.15) is given by the n-th Catalan number C,, and we call such
sequences as Catalan sequences. Also, let x; be the number of chords among the first ¢ — 1 chords of D that cross
the i—th chord. Clearly, 0 < z; <i—1and 21 + -+ + 2, = m and so (x1,...,2,) is an inversion sequence. Hence
D gives a pair of n-long sequences (y,x) = (y(D), x(D)) consisting of a Catalan sequence and an inversion sequence
with a total of m inversions.

In order to conclude the proof of the first part, we need to show that (y(D1),z(D1)) # (y(D1),x(D;)) for
Dy # Ds. First, if y(D1) = y(D2), then the initial points of Dy agree with the initial points of Ds. Now note that,
for ¢ < 7, the i-th and j-th chords cross each other if the terminal point of the i-th chord lies between the initial and
terminal points of the j-th chord. Consequently, if ©(D;) = x(D2) in addition to y(D;) = y(D2), then the terminal
points of all the chords in the two diagrams also agree and hence D; = D5, which finishes the first part.

(it) In the first part we showed that each chord diagram gives a unique pair (y,«). To find a lower bound on
Ty.m, we need to work the other way around. Let D be a chord diagram and let (y,z) be the corresponding pair
of sequences. Let F; and L; correspond to the initial (first) and the terminal (last) points of the j-th chord of D.
The chord labeled with (n — k) intersects x,,_j chords of smaller label and thus at least ,,_j of the terminal points
from Lq,...,L,_;_1 must appear after F,,_;. On the other hand, a total number of 4,,_x + - - - + y,, terminal points
appear after F,_j, of which k + 1 of them are L,,_y,...,L,. Thus, we get the following set of inequalities:

LTn—k Syn—k+yn—k+1+"'+yn_(k+1)7 0<k<n-1 (416)

We now claim that, conversely, a pair (y, ) satisfying the inequalities in (4.16) corresponds to a chord diagram. To
prove this, first note that y alone determines the initial points Fi, ..., F}, of the chords, so we only need to recover the
terminal points Ly, ..., L, using (4.16). Now we find L,,, L,,_1, ..., Ly in this order as follows: L, is the (x, + 1)-st
number bigger than F,, and once Ly, ..., L,_r+1 are determined, to ensure that the (n — k)-th chord intersects x,,_x
chords of smaller label, we must choose L, _j as (in their natural order) the (x,_ + 1)-st available number bigger
than F,,_g, that is, (z,—r + 1)-st number in {F,,_x + 1,...,2n} \ {Fn—k+1,-- -+ Fns Ln—g+1,-- -, Ln}. This choice is
possible by (4.16) since there are y,—x + - - - + y, — k available numbers after choosing Ly, ..., Ly_k_1.

It remains to show that the right hand side of (4.14) is a lower bound on the number pairs (y, x) satisfying (4.16).
For a given x, let N(x) denote the number of y’s meeting the constraint (4.16).

Claim. Let M = M (x) denote the maximum of the n terms in the inversion sequence @ = (x1,...,%,). Then,

17



Proof of the claim. Let A = A(M) be the set of Catalan sequences y = (y1, ..., yn) such that y; = 0 for ¢ < M and
Y = (Yrm+1,- -+, Yn — M) is also a Catalan sequence. Since y’ is a Catalan sequence, by (4.15), for 0 < k <n — M,

Yn—bk T F Y1+ Y —M)>k+ 1
This inequality, together with the fact that max; x; = M, gives
Ty <M <ypp+- - +Yn—1+yn —(k+1).
For n — M < k < n, we have
ooy <n—k—1=yyi+-+Yo— (k+1) =yt + - +y,— (k+1),

where the inequality follows from the fact that « is an inversion sequence and the equalities follow from the definition of
A. By the last two equations, any y € A satisfies the condition (4.16). This finishes the proof since |A| = Cp,—_p. O

By the claim above, we have

Tom = N@)>> Cori(a). (4.17)

In the proof of Lemma 3.4 in [3] it was shown that, whp, the maximum M (x) does not exceed (1+¢)(m/n)logn
when © = (z1,...,x,) is chosen uniformly at random from inversion sequences with m inversions. Using this fact
and (4.17), we get: for My = [((1 + &)m/n)logn],

ITI m n—
lim sup InmCn-nty 1, (4.18)
Also, by the Stirling’s formula for the factorials,

Cop_pty ~ 4 M0 C, = exp(—Mylog4)C,,. (4.19)
Combining (4.18) and (4.19), with small enough e, and Lemma 4.1 we complete the proof. O

Remark 4.5. A closer look shows that, in fact, M (x) is asymptotic to (m/n) log n in probability, and that P(M(x) <
(1 —¢e)(m/n)logn) < exp(—cn®), which is much smaller than exp(—0(m/n)). Thus the choice of My in (4.18) is
asymptotically the best possible if we want the fraction I, n, a1, /In,m to be at least e~vm/m for some constant b > 0;

here the Iy, ,,, p, denotes the number of permutations with m inversions and maxz; < Mp.

Remark 4.6. Our, admittedly limited, numerical experiments seem to indicate that, for m = O(nlogn), T), ,,, is
at least of order e~ ?(m/™(, (”J;”_T; 1) for some constant b > 0, a bound that matches qualitatively the asymptotic
formula for T}, ,,, for m < (2/7%)nlogn in Lemma 3.4. However, the exponential factor in the lower bound (4.14)
is much smaller, namely e=O((m/n)*
larger. At the moment, it seems that n

). So far we have not been able to replace this factor by anything substantially
3/2 is actually the threshold value of m for validity of the lower bound. Here
is a quick-and-dirty argument to lend some support for this conjecture. A pair (x,y) determines a chord diagram if
and only if the condition (4.16) is satisfied. For a typical Catalan sequence y, we have

Orgnlgfn{yn_k + Ynkg1 + -+ yn — (k+ 1)} = O(Vn).

On the other hand, an average z; is of order m/n, which is much larger than /n for m > n3/?

probability that (4.16) is satisfied for a random @ and a random y is extremely small. However, we do not know how

. Consequently, the

to handle non-typical Catalan sequences; so we cannot exclude the possibility that the conjecture is false.
Remark 4.7. By (4.13), for z,y > 0,

T(z,y) =Y Tomz™y SZ( o >Cnx y

n m(n+m-—1
:Zn:y Cn%:x ( "1 )

18



For x < 1, the innermost series converges to (1 — )", and then the double series converges to C(y/(1 — z)) if
y/(1 —x) < 1/4. Therefore, we have an elementary proof that the bivariate generating function series T'(z,y)
converges if z,y > 0 and y/(1 — z) < 1/4.

Here is an illustration of the power of the upper bound (4.13) combined with Lemma 3.3. Consider again the
uniformly random linearized chord diagram on [2n] with m crossings. For a cut £ = [2n;] U ([2n] \ [2n4]), we set
ng = n —nq, define |K| = min{ny, no}, and finally define Y, ,,, = max |K|.

Lemma 4.8. If m = O(n) then Y, ,,, is bounded in probability.
Proof. Given n; + n2 = n and my + mg = m, where ny,ng > 0, the expected number of cuts with parts [2n4]

and [2ny + 1,2n], and the number of crossings in the left subdiagram and the right subdiagram equal m and meq,
respectively, is

Tn m Tn m
Z = 1,11 2,112 ,
n,m Tn,m
where n = (n1,n2) and m = (my, mg). By Lemma 3.3,

-1 .
Tn,mN <n+m >C’ﬂ H(l_qj)?)a

n—1 !
j=21
and, by (4.13),
my— 1
Toim, < (n’ o )Cn i=12.

n; — 1
Hence,
mitmi—1 ni+m;
( n—1 )Cn ( " )Cn

Therefore, since C), = @(V_3/24V),
o L)

Zn,m Sb 3/2 3/2 : (n—‘,—m—l)
ny Ny n—1

DR [ S (i

m:mi+mao=m 1

(4.20)

Observe that

Indeed, the RHS is the total number of non-negative integer solutions of
ni n
Z z; + Z T; =m,
j=1 j=ni+1

and each such solution is a pair (z1,...,2Zn,), (@n,41s- -+, ZTn,+n,) Of solutions, each of the corresponding equation

ni n
E Ty =mai, E Ty = Mma,
Jj=

j=ni1+1
for the unique choice of mq, mo satisfying m; + ms = m. So summing (4.20) over m, we get

n3/2
Z Zn,m Sb 3/2 3/2°
ny Ny

m:imi+me=m
Consequently, as A — oo,

P(Yom>A)< ) > Znm

n:min{ni,ne}>A m:mit+me=m

<’ S g

min{ni,na}>A

< Y, m =07 0. O

A<ni1<n/2
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5. The Largest Component

We now turn our attention to the component sizes of chord diagrams with given number m of crossings. Through-
out this section, unless otherwise stipulated, we will assume that m satisfies the condition (3.16) with £ = 1, so that
T,.m is given by the asymptotic formula (3.17) with ¢ = 1.

Like the classic case of the Erdés-Rényi random graph, (Bollobés [11]), we need a usable bound for C,, ,,, the total
number of connected chord diagrams on [2v] with p crossings. {C, .} and its bivariate generating function C(z,y)
below will, hopefully, not be confused with the Catalan number C,, and its generating function C(y). It was first
found by Dulucq and Peanud [23] (see also Stanley [44, Exercise 5.46]) that

1 v—3
CVV* = ;
vl 21/1<1/1>

and it was proved in [1] that

min(6,v—3) X v—1 min(v—k,2k) .
v(6\ J 3v—9 v J 2k 3v — 3k
Cu v = 2 Py P . 2 - . .
’ i ; 3<])V—3(V—3—]>+ ];k ]; V—k‘<] v—k—j

Using

the above formula is simplified to

Thus, as v — o0,
2 3v 22 /3v
CVV* ~ vt P CVV'\"* .
g (V) e (V)

We conjecture that, more generally, for p = O(v),

Cu n = Vﬁilﬂra(u) (31/) .

14

For a chord diagram D, we call the component of D that contains point 1, the root component. The endpoints of
the root component’s chords determine pairwise disjoint arcs, each of which contains a chord diagram, possibly an
empty one. Note that we cannot have any chord joining two points from two different arcs, as otherwise, that chord
would belong to the root component. If D has parameters (n,m), the root component has parameters (v, 1), and
the 2v diagrams determined by the root component have parameters (ny,m1),. .., (na,, ms,), we have

ni+--+no=n—v, mip+---+mo =m-—[.
Thus,

2v
Tn,m: Z Cu,p, Z HTnj7mj~

v>1 ni+-tng,=n—v j=1
u>v—1 mi+-Fmo,=m—p

Setting Cp0 = 1, we get

2v
Z Tn,mxmyn =1+ Z Cu,uxﬂyy Z H Tnj,’mj xm]‘ ynj
n,m [ 2978

ni+o+ng, >0 j=1
my,...,may, >0

2v

J— v m n
- E :CV’H‘TMy E Tn1,m1x ly !
s

n12>0,m1>0
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Equivalently,
T(z,y) = C(z,yT*(z,y)), (5.1)

where C(z,y) := 3, , Cyu2"y” denotes the bivariate generating function for the sequence {C,,,}. For z =1 we get
the identity proved earlier by Flajolet and Noy [27].
Equation (5.1) implies a Chernoff-type bound for C, ,:

T(z,y) 1—2z
v — Y 1, :
= ey [T (z, y)]2v rshysTy

(5.2)

Since T'(x,y) increases with y, the best estimate, for a given x < 1, is obtained by letting y 1+ (1 — z)/4. From (3.1),
and C(1/4) = 2, it follows that

lim T(x,y)=2f(x), ) = 133
i 7o) =20, 1) = 32(-)
Using these and 1 — = < f(z) < 1 in (5.2), we obtain
2 2
C /() < Va <1

<
CE = e —a)V f(x)2 — an(l —x)3v]
The RHS is minimized at z = p/(3v + p), and we get

(30 + %+

Cop <2
NGRS

In particular,

(4v — 1)1 170 (v
CV v— < < / ’
A e E s s B A
similar to, but noticeably worse than the exact formula for the number of trees, which is 21/1_1 (3;’__13). For u/v large,

we get a bound better than (5.3) by using the obvious inequality C, , < T, , and (4.13):

-1 qv pntv ptv
TR G (PN e ey P Uk ity (5.4)
’ v—1 V2 1174 11574
Combining (5.3) and (5.4), we obtain
qv ptv 3 v+
Cop <p minq — - ) a( v 4 p) (5.5)
’ T € YT

In combination with the bounds on T, ,,,, these enumerative results will enable us to gain an insight into the
component structure of the random intersection graph, and to prove eventually the main result on formation of its
giant component.

Lemma 5.1 (Crossing-density gap). Define the crossing density of a chord diagram as the ratio of its number of
crossings to the number of chords. Let a be a constant greater than 4e? and let B = 5

density m/n exceeding «, whp, the intersection graph has no component of size above 3logn whose crossing density

W. For crossing
is below m/(an).

Proof. Let X, ,, denote the number of components with parameters v and y in a random circular diagram with n
chords and m crossings. We first bound the expected number of &, ,. The probability P, , that the root component
has parameters (v, u) is given by

2v
C, Cy Mt
P, = o Z HTnj,mJ' = T = [y T(%ZU)QV~

T g, =n—y =1 m

mqy+--tmo,=m—p
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By cyclic symmetry,
nCyy

E[X, =
[ vy m

|=Pour
v

[z Y T (2, ). (5.6)

K e

Let us see what we can get from (5.6). By (3.1),

[Cly/(1 — @) A(z,1 - Cly/(1 — )] ™

M Hyn—v

[y T (o) < ,
forall z < 1, y < (1 —x)/4. Letting y 1T (1 — «)/4, using C(1/4) = 2 and A(z,—1) = f(z) < 1, and setting
x=(m—p)/(m—pu-+n—v), we obtain

1
am—r(1 — z)nv
(m _ NJ + n — V)mfp,Jrnfu
(m = (=)

[z Y T, ) <4”

—4n

Consequently, the identity (5.6) yields

4" (m—p+n—y)moptn-v

E[X,.,] <nC, ' T
[ ,,u] o Tn,m (m - :U’)m_#(n - V)Tl—l/ ( )
Now, by Lemma 3.4,
n+m—1 m? m
T > e —5n =y ) 1T
’ b( n—1 ) eXP( 2(1_‘1)> ! m+n
provided that
2n
m < 23 (logn — (3/2) loglog n — w(n)), (58)

where w(n) — co however slowly. For such an m, we have

exp(”ii)gi and ntm =1 2(”)
2(1-q) logn n—1 logn

Using the two inequalities above and Stirling’s formula for the Catalan number C,,, (5.7) becomes

n7/2 . CMH (m —p+n— V)mfy+nfy
(T m— =y

n

E[Xu,p,} Sb

Now, using

b b bo
by < P
¢ a®(b—a)b—e — <a) ~ a%(b—a)b—e’

¢ > 0 being an absolute constant, and log-concavity of f(a,b) :=
version. Namely, if m satisfies the inequality (5.8), then

Ty We replace the last bound with a cruder

n’mt

E[X,,] <y n'Cyy i+ myr

(5.9)

uniformly for all v <n and v — 1 < pu < m, or using (5.4),

A )
V2 pkuv (n 4+ m)vter

=n* (4" Jv*)F(u/v,m/n)", (5.10)

1+ z)i+e Y

Fla,y) = T Aty

E[X, ] <p
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Let y = m/n > a with a > 4e?, and x = u/v < y/a. Taylor-expanding z log z about z = x and using = > (v — 1) /v,

log F(z,y) =14+ x)log(l1 4+ z) —zlogz + xlogy — (1 + z) log(1 + y)
1 re?

<(1+logz)+ 5 —logy <2+ logx —logy = log —

T Y

2 2
1
< log£ :loge— < log -.
ay o 4
So (5.10) becomes:
4 vy 2 4e?
E[Xu,u] <pnp /V y  Pi= ?7

uniformly for all g > v — 1 with u/v < a=*m/n. For 8 = —5/log p,

> B[, ] <on'(m/n) 3 o"/v

v>Blogn, p/v<a—lm/n v>Blogn
<pntlogn-pPl°€" /logn = 1/n — 0. O

Lemma 5.1 shows that, for the random diagram with density m/n sufficiently large, whp there are no components
of size Q(logn) with density smaller by a constant factor than m/n. We anticipate that, for m/n — oo, whp there
exists a large component and that a likely candidate is a component with the maximum density. Let us focus on
such components. Given parameters v and pu, let A, , denote the event “there is a maximum density component
with v chords and p crossings”. Needless to say, on the event A, ,, the maximum density is p/v.

Lemma 5.2. Suppose m/n — oo and m satisfies (3.16) in Lemma 3.4. Let ¢ € (1,2) be fixred. Define a =
7max{log(1/ce™¢), log(1/0.99)}. Then,

7L,71711I£>100VZH P(AV#) = 07 (511)

where the sum is over all pairs (v, ) such that
v > alogn, p<(2—=c)m.

In words, it is very unlikely that the densest component has size exceeding alogn and that its number of crossings
scaled by m s strictly below 1.

Proof. Notice upfront that P(A,,) = 0 if u/v < m/n. Thus, in (5.11), the terms of interest are those with
u/v > m/n. As in the proof of Lemma 5.1, a component with parameters v and p induces the partition of the
remaining set of 2(n — v) points into 2v isolated subdiagrams with parameters n;,m;, 1 < j < 2v. If a chosen
component is of maximum density p/v, then, in addition, we must have m;/n; < p/v. So, instead of (5.6), we

obtain c
niy, —u —v 2v
P(dy ) € S [y Ty )™
where
Tyo(w,y) =1+ Z T; jx'y’ .
0<i/j<p/v
Here ( )2
T T v
m— n—v 2v n/v Y
[2™ Yy ] Ty (2, y)™ < g Vae>0,y>0.
Let .
O Sy TR VR

m—pu+n—v’ 4
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and observe that  — 1 from below since m — p > m(c — 1) > n. Similar to (5.9), we obtain

nCy A" (m— p+n—y)mrtn-v

VT (m— ) =)

v

P(A,.) < )*

Tu/y(xay

mtn
= Luyv(,
CE R
4 pntv oV
<n7'(ﬂ+l/) ’ r Tt/u
= 2 Mpyy (m_i_n)u-‘,—y F

Sb n44—ycy,u 2v

(z,9)*, (5.12)

where we use (5.4) in the last step. Let us bound the last factor in (5.12). Using the upper bound (4.13) in Lemma 4.4,
we have

iti—1\ . .

o<ifi<p/v N 7

) I — 1 . ) I — 1 .
= E (l + J )ijzyj — E (Z _Ej )ijlyj
o\ i1 >0 J—1
05> i
i/j>u/v

= 21 - ZQ, (513)
Here
; 1+7—1\ ,
m=Towy ()
3>0 >0

=) Ci(l—a) 7 =) C(1/4) =C(1/4) =2. (5.14)

Jj=0 Jj=0
Turn to Xo. For a given j > 0, introduce ip = io(j) := min{i : ¢ > ju/v}, and write
Z Z.ijfl R ifj—l Zimi0 = gio x3

= j—1 — Jj—1
i>ju/v i21ig

We are going to use Abelian summation by parts to bound X3 from below. Using

“gflb _ (a+N

a) \a+1)
b=a

we have: for N > 0,

io+N—1 . . io+N—1 . . 10—1 . .
o i+j—1\ 1+5—1 1+5—1
SN*J'* Z <j—1 ) Z <j—1 Z j—1

i=0 1=0
(z’o+j+N—1><io+j—1>
J J ’

i1
( it ) = Sicio+1,5 = Si-io.j>

and Sy ; = 0. Using

we get

S5 = [Siciot1g = Sicig]a’ 0 = (1=2) Y Sicigra o™

g ()
:(1—xy}f—xrf4=(1—mri (5.15)
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Explanation for the inequality above: For j > 1, we have

<i0+j—1) < <i0+j>_1< <i+j)_(i—io+j)
J - J “\J J ’

where the last inequality follows from

(2)+(5)-("2) <)

for any two sets A and B and any nonegative integer x. (Take z = j and let A and B be two sets such that
|A| =ig+ 7, |B| =i —io+j, |ANB|=j.) As x — 1, we have z% = 27#/¥(1 + O(1 — z)). Using (3.3) and (5.15),
we have

o ) w/v
2= Y Ciyfa ISy = (14 001 - 2)) 3 Gy (x )

=0 >0
=(1+0(1 =) Ci(x""/4)) = (1+0(1 - 2))C(z"/* /4)
>0
(14001 —2))— = (5.16)
= —r) ——. .
14+ V1 —ar/v
Combining (5.14) and (5.16) we transform (5.13) into
2
T(x,y) <2—-(14+0(1—2)—F—m—nw=
) €2 (L4 0(1 =) e
2V1 — gr/v
=——  (14+0(W1—2x)). 5.17
Using (5.17) we replace (5.12) with
P(A,,) <p n*[Ry, +o(1)]" /12, (5.18)
2
R A0+ p/v) TV (m ) V1 — ghlv (5.19)
PR () (L mn)tele\ 1 T gl '
Define X = 7‘:1//2 Here, since p/v > m/n — oo,
4(1 4 pfv)tHulv (m/n)Hv Tp/v Tp/v
. =4X(1+1 v -(1-1/(1+m/n
:4X61+O(1)_X(1+0(1))7
uniformly over X. We have two cases.
Case X > c. Since
1 — ph/v < 1
14+V1I—ar/v = 2
we have
R, , < Xe!To=XU+o) < 4 o(1), pi=ce' ™ <1,
as ¢ > 1. Thus,
P(A,) <o 0t [Ryy +0(1)]” < n(p+0(1))",
so that
> PAw) e 3o X nleol
v, X>c V>alognu,>l/ 1 (521)

<n® > (p+0(1)) <, nS(p+0(1)7 " 0,
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since a > 7/1og(1/p).
Case X < c. The function ¢(z) = 7 1;; is decreasing on (0,1), so to find an upper bound for ¢(z#/*), we
want to bound z#/¥ from below. We have

217 = exp[—(u/v)(1 - 2
= exp[—(u/v)(1 —a

+ o+
22
3A
RS
S
|_.,:
|
8
=

Further, using
/v —mfn < (c—1)(mfn), m—ptn-vzm—p=(1-cm,

we compute

I n—v

Pa—gy=-£. """ %
v vV m—u+n-—v

_X_M(n—v_n>
v\m—pu+n—v m

x_ B nv(p/v —m/n) —n(n —v)

v (m—p+n—v)m
. wly—m/)
- v (m—p+n—v)m
> _x_ M. nv(c—1)(m/n)

v (¢ —1)m?
=—-X—-—pu/m>-c—(2—c)=-2.

Consequently, z*/¥ > 73, and ¢(z*/¥) < ¢(e™3) < 0.494. Since Xe'~¥ is decreasing on (1,00) and takes the value
1 for X =1, we have

Xelto)=X(1+o(1) < 1 4 o(1)

for 1 < X < ¢. Therefore,
R,, <4 x(0.495)* < 0.981

and
P(A,,) <p n*[R,, +0(1)]” < n*(0.99)"

> P(Av) <6 Y Y n*(0.99)”

v,u: X <c [ 2

As in the previous case,

(5.22)
<n®> (0.99)” <, n®(0.99)*15™ — 0,
since o > 710g(1/0.99). The equations (5.21) and (5.22) imply that
lim > P(4,,) =0
v,u: X <c
O

Letting ¢ | 1, we arrive at

Corollary 5.3. Suppose m/n — oo and m satisfies (3.16) in Lemma 3./. Then whp
e cither the densest component is of size O(logn),
e or its number of crossings is almost m, whence its size is at least (1 + o(1))v2m.

26



Remark 5.4. This is a good place to notice that the sole reason for logn to appear in the first alternative was that
we confined ourselves to m = O(nlogn) meeting the constraint (5.8), in which case T}, ,, is bounded from below

by C, ("Tfffl) exp(—ylogn). For the constraint nlogn < m < n*? we still have the lower bound (4.14) from
Lemma 4.4,
-1
T 20 exp(-0((m/mogm)c, (" 1),

To off-set this exponential factor, we could have confined ourselves to v of order (m/n)logn, at least, arriving
at the counterpart of Corollary 5.3 with the first alternative becoming “either the densest component is of size
O((m/n)logn)”, but with the second alternative remaining unchanged. In other words, the gap property for the

crossing density of the densest component continues to hold for nlogn < m < n®/2,

Now if m = O(nlogn), and the densest component has size v then for the number of crossings we have

v(iv—1) m
—— 2pu=2v—,
2 n
implying v > 2m/n = O(logn). So, if v = O(logn), that is, if the first alternative in Corollary 5.3 holds, then
v = O(logn) and u = O((logn)?), and the maximum density p/v is of order m/n exactly. This is the reason why
in the rest of the paper we continue to stick with m = O(nlogn). Our goal is to eliminate, eventually, the case

v = 0(logn).

Lemma 5.5. Given fivzed c > 1, b > 1, let By, 1y = Bpm(c,b) denote the event: the mazimum density is below cm/n
and there is a (v, p)-component meeting the constraints

v>blogn, pu<(1-b""3m. (5.23)

For every ¢ > 1, there exists b= b(c) > 1 such that P(B,, ) — 0. Thus whp every component either has size below
blogn, or has at least (1 —b~/3)m edges.

Proof. First of all, in view of Lemma 5.1, by choosing b sufficiently large we can consider only (v, u)-components
with p/v > dm/n, with some fixed d > 0. Also, for p satisfying (5.23),

_ b—1/3
m-p,m =0O(b /3 logn) — .

n—v n
Arguing as in the proof of Lemma 5.2, we obtain
P(Bpm) <o n* Y [Ryu(1+007"))]", (5.24)

Vi

where the sum is over all (v, 1) satisfying (5.23), but instead of (5.19) we get

P A Y0 U SR e A
. (/v)e/v (Lm/n)+elv \ 141 — gem/n
< (1 + M/V)l-ﬂl/u . (m/n)u/u
(w/v)rlv (1 +m/n)ttu/v’

Here as before
r=m-p)/(m—p+n—-v)=1-0(0b""). (5.25)

(The remainder O(b~1) in (5.25) is the reason for the same remainder in (5.24).) Again, set X = f://l; Since

m/n — oo and p/v — oo,
Rl,’M(l—‘y-O(b_l)) < Xel—X—&-O(b*l)’

27



The log-concave function H(X) := Xe!~¥ attains its absolute maximum 1 at X = 1. Let A > 0 be a constant and
first consider the contribution of X’s with |X — 1| > Ab~'/2. We have

max{H(X) : |X — 1| > Ab~/2} < max{H(1 — Ab~"/2), H(1 + Ab="/?)} < exp[—A?/(3b)].
Thus, for this range of X,
R, (1+0(b")) < exp[—A?/(4b)]
if we choose A sufficiently large. So
nts Y[Ry, (1+007)]" < 0t Y vPexp[-vA?/(4b)] = 0

v>blogn v>blogn
|X—1|>Ab—1/2 -

if b(A?/(4b)) > 5, that is, if A% > 20. The factor v in the second sum is due to the fact that there are at most (%)
values of p.
Now consider the contribution of (v, jt) where | X — 1| < Ab~/2. We have

oM™ = exp[—(1 - 2)em/n+ O((1 — z)*m/n)]

and
m __m v(p/v —m/n)
(1_$)E_m+n 1 m—pu+n—v
ZmLM[HO(ub‘”Q/(m—u))]
- T?Z —[14+0(679)] = 1+0(1).
N

Therefore, introducing p = 20— <1, we obtain

+v1—e—
Ryu(1+007)) < p(1+0(0b710)) Xe! ¥ < p!/2,

if b is large enough. We conclude that

n' > [Ruu(1+0(b T<nt T A2 o0,

v>blogn v>blogn
|X—1]<Ab—1/2 -

if b is sufficiently large. O

Lemma 5.6. Suppose that lim,,_,o, m/(nlogn) € (0,2/7%). Whp,
e cither there exists a (necessarily unique) component that contains almost all m crossings, whence has at least
(14 0(1))v2m wvertices,
e or there is no component of size v with v/logn exceeding a large constant.

Proof. Tt follows directly from Lemma 5.2 and Lemma 5 O

If we rule out the second alternative, we will be able to claim that whp there is a component containing almost
all m crossings. To do so, we need some enumerative groundwork.

Given k,¢ > 1 and s < k, let T, ., (k, ¢, s) denote the total number of diagrams with & components, each of size
not exceeding ¢, and with exactly s components of size 1, i.e. isolated chords. Obviously,

Tom(k,l,s) =0 if Lk—s)<n-—s. (5.26)
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Lemma 5.7. Introducing
=Y Lt = () (Lot a7,

n>0
we have:
k—s
(Qn)kfl ™ n s
Proof. For a generic diagram with parameters n and m, with k components, of size not exceeding ¢, and s components
of size 1, let s; denote the total number of components of size j; so s = (s1, S2, ..., s,) meets the conditions:
n n
s1=s; (Vj>10) s; =0 Zsj:k—s; stjzn—s. (5.28)
j=2 =2

For such a diagram to exist, it is necessary that the point sets of the components form a non-crossing partition of
[2n]. By Kreweras’ formula [32], the total number of such partitions is (2n)5—1/[s1!s2!---]. In addition, for each
2<j<n,and 1 <t <55, let m;; denote the number of crossings of the ¢-th component from the arbitrarly ordered
list of all components of size j. Clearly, m = {m;,} meets the condition

3OS mys=m. (5.29)

j=2t=1
Then,

Tom(klos) < Y % > I Zom,.

s meets (5.28) ’ ™ m meets (5.29) 2<J<n
1<t<s

1 (2%)]6,1
S - § g H CjIj mi¢
5' 82!.'.811' K]
s meets (5.28) m meets (5.29) 2<<fJ<<n

5j

:(2”8)# 3 % I T 65 S Lima

s meets (5.28) ’ j=2 ©u>0

MLSEDS H (G (5.30)

s!
s mccts ) 28)j 2
Here the last sum is at most

oo

J2C: T, S
Z H (y ZC] j'(x)) :[ynfszk s EXp Zyjc I
34!
s>0 =2 J j>2
> jsi<oo
2 (5.31)
k—s
=y Zy CI(

Equations (5.30) and (5.31) imply (5.27), which finishes the proof. O

Lemma 5.27 enables us to obtain an explicit bound for T}, ,,(k, ¢, s). First of all, using

A4+z)x---x(Q+z+--+22 H=0-2)71-2)--- (1 —29)
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we get: for k— s> (n—s)/¢,

2n)k—1 m n s T
Tnvm(k,é,s)ﬁ(;_):)!y ZC’ (1—95) Hlfx

The bivariate series on the RHS has positive coefficients, and converges for € (0,1), y € (0,(1 — x)/4]. So, by
Chernoff-type bound with x € (0,1) and y = (1 — x)/4, we obtain

k—s

k—s
Tn,m(k,e,s)g((;)s)'s, “my= (=) (1 — )1 — 2?) 24] Hl—x
_‘ybjcﬁgillx—nwl-x)—UH*—2@[1/4+-0(1-xﬂk‘s
—4Z:fﬁiglxﬂ%1—xy*mm—%W1+cx1—xﬂh*.
Choosing © = m/(m +n) we get
T (0, 5) < <§)4ﬂkii”kl. On%;:i:::i;:zk[14fCKn/On4%n)ﬂk75. (5.32)

Lemma 5.8. Suppose that limm/(nlogn) € (0,2/7%). Then whp there exists a component that has almost all m
CT0SSINgS.

Proof. By Lemma 5.6, it suffices to prove that, for every A > 0, whp there is a component of size exceeding
¢ := Alogn. Let X denote the total number of isolated chords in the random diagram; so X' = X o, where &, , is
as defined in the proof of Lemma 5.1). Clearly,

2n 2n m, n—1 2
E[X] S Tn,m . +;n71 TnlymlTn27m2 = Tmm [‘T Y ]T(I,y) . (533)
1 Ly mm
Using (3.17) with £ = 2,
N G e gn) ).

Hence whp X < n/(logn)'~¢ for any fixed ¢ € (0,1). Thus it suffices to show

Z Tom(k, l,s)
k,s ’
where the sum is over all k, s such that
n n—s
< = =— k — > . 5.35
s < s(n) Togm)i—=’ $2— (5.35)

(Indeed, T}, ym(k, £, 8) /Ty m is the probability that the diagram has k components, with exactly s components of size
1, and all other components of size not exceeding £.) Combining the asymptotic formula (3.17) for T3, ,, in Lemma 3.4,
the bound (5.32) for T, (K, £, s), and the constraints (5.35) we obtain:

M - o, n k4+n/(2¢) _ (2n)k <£)k y <£>n/(22)
Tn,m k m+n - k! m m

9MWMMW(MIIMW®

< exp (0(71/ logn) — v nloglogn)

logn

30



v > 0 being fixed. For the third line in the above inequality, we used y*/k! < e¥. The last quantity approaches 0
super-polynomially fast, so does the expression in (5.34). O

Finally,

Theorem 5.9. Suppose that limm/(nlogn) € (0,2/72). Then whp there exists a component that has almost all m
crossings and a positive fraction of n chords.

Proof. Given g, § € (0,1), let Ns . denote the total number of the (v, p)-components with v < én and p > (1 —e)m
In light of Lemma 5.8, it suffices to show that, for ¢ < 1/2, and § sufficiently small, E[Ns;.] — 0. Let § < 1 be such

o (1/2—eH1—e)
1/2—e 7 )(1—c¢
0 < . 5.36
log(4e) (5-36)
By (5.10)
E[Ns.] <p Z (n*/v*)exp[vH (zy,)], @0, = ﬁ;
VIE<v<on v
p>(1-e)m
1+ m/n
H(z):=logd+ (1 log ————— log —.
(z) == logd + (1 + =) 8 T T8,
Observe that, for v, p in question,
s 1—e¢ —
Y= 6 Y=
since 1 — e > §. Further,
x 1+1/x Y
H(x)=logd+ (14+2x)log—+(1+2z)lo + xlog =
(z) = logd + (1 +2)log + )g1+1/y 8
x 1+1/x
<logd+log—+(1+=x -1
< log e (1+x) (1 1y )
x x/y
<log4d+1+log— —
< log g y 111y
z lux
< log(4e) 4+ log — — = —
(4e) , 2y
< log(4e) — (1/2—e ) %,
y’
the last inequality following from log z < e~!z. Therefore
H(*Tv,u) < —1(e,9),
1 _
(e, 8) = (1/2 — e—l)T6 ~log(4e) > 0,
see (5.36). Therefore, as n — oo,
E[N;.] <p n* Z exp[—1v7(e, 8)] — 0. O

v>y/m

To complete the picture, turn now to m = O(n).

Theorem 5.10. If m < n/14, then there exists a constant A > 0 such that whp the size of the largest component is
at most Alogn.

Proof. Let A > 0 to be specified shortly. For E,, the expected number of components of size exceeding A logn,

(by (5.10) again), we have
E, <, n* Z Z v % . exp I/H(JL‘I, M)]

v>Alogn u>v—1
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here z,, = pu/v >1—1/(Alogn). Since H(z) is concave,

H(wy,) <H(1) + H'(1)(2y, — 1)
16m/n

< log (ESOE +O((logn)™h).

Now 162/(1+2)2 <1 for 0 < z < 2* :=7 — /48 > 1/14. So if m/n < 1/14, then

224
4 —1
E, <y n*m E exp |:V (10g 595 + O((logn) ))} — 0,

v>Alogn

if A>5/(log225/224). O

6. Concluding Remarks

Although chord diagrams have been studied widely, there are still many open problems about them, particularly
of enumerative-probabilistic nature. The results presented in this paper provide partial solutions to some, in our
opinion interesting, problems. We conclude this paper with some questions for possible extensions of our results.

An asymptotic expression for the number T}, ,, of chord diagrams with a given number of crossings has been
found in Theorem 3.4 for the case m < (2/7%)nlogn, but its extension for larger m is still to be found. It would be
quite useful just to strengthen, and extend the bounds for T}, ,, given in Lemma 4.4.

Our main goal in this paper was to observe a kind of phase transition for the largest component of a random chord
diagram. Theorem 5.9 tells us that when m/nlogn has a limit in (0,2/72), there is a giant component containing
almost all the crossings (edges in the intersection graph) and a positive fraction of chords. In Erdds-Rényi graphs,
coupling G(n,m) with G(n,m + 1) with a graph process yields immediately that having a giant component is a
monotone property. While finding a similar coupling for chord diagrams is highly problematic, the existence of a
giant component (whp) for m = Q(nlogn) would follow from a much simpler claim, namely that the probability
of the giant component is monotone increasing with m. Judging by our experience with the random permutation
graph [3], it might be very helpful to prove that, for each n, the sequence {T}, ,,,} is log-concave, just like {I,, ,,}.
Furthermore, it is still unclear whether whp there is a giant component for n < m = o(nlogn).

Lastly, there are two other classes of graphs nontrivially related to chord diagrams: circle graphs and interlace
graphs. A (labeled) circle graph is obtained by labeling a set of chords of a circle, where the edges are determined
by the crossing relation. An interlace graph with vertex set [n] is obtained from a permutation of the multiset
{1,1,2,2,...,n,n}, where two vertices i and j are adjacent if the corresponding symbols are interlaced in the per-
mutation, i.e. if the permutation looks like ...4...5...¢...5... or...j...%...j...4... As Arratia et al. [7] pointed
out, each circle graph is an interlace graph, and the number of interlace graphs is bounded above by the number
of permutations of the multiset, which is (2n)!/2". A chord diagram corresponds to a standard permutation, in
which the first occurence of ¢ is always before the first occurrence of j for all pairs ¢ < j. However, the number of
interlace graphs of standard permutations is not the same as the number of intersection graphs due to the fact that
the same interlace graph might come from many different standard permutations, whereas the intersection graphs
that we consider uniquely determine the chord diagrams. For example, there are (27?) /(n+1) standard permutations
producing the empty graph on [n]. We are curious if the results in this paper hold for these two important classes of
graphs, or at least shed some light on the respective thresholds for the appearance of a giant component.
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